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This fifth edition of our calculus book is dedicated to the memory of our friend and coauthor,  
Bert K. (Hank) Waits, whose larger-than-life personality and infectious enthusiasm for mathematics education  

inspired two generations of teachers and, through them, millions of mathematics students.
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viii

If you could wave a magic wand and assemble your dream team of authors for an AP 
Calculus textbook, you would be very pleased if the group included the likes of Ross 
Finney, Frank Demana, Bert Waits, Dan Kennedy, and David Bressoud. I feel blessed 

to have known and worked closely with every one of them from as far back as 1989. With 
a pedigree that includes George Thomas in the storied authorship bloodline, this book 
represents the finest combination of excellent writing, creative insight, terrific problems, 
and captivating explorations. A dream team indeed!

Any teacher in search of a textbook for use in an AP Calculus class should look criti-
cally at whether or not the book is faithful to the philosophy and goals of the course, as 
well as the topic outline, each described in the AP Calculus Course Description. On both 
accounts, the FDWKB text shines brightly. True to its title, care is taken to attend to a 
genuine multirepresentational approach. You’ll find problems and discourse involving 
graphs, tables, symbolic definitions, and verbal descriptions. And the text covers every 
topic that is tested on the AP exams. Dan Kennedy, who joined the author team with the 
2003 publication, and David Bressoud, its most recent addition, both contribute an inti-
mate knowledge of the AP Calculus course. The two share a familiarity with the program 
borne from years of service. Back in the mid 1990s, when I saw Dan describe how to teach 
series with an approach that ultimately became an integral part of Chapter 10 of the current 
edition, I knew it was the way to go. My students have used this text, and that approach, 
for many years with great success. David’s presence on the team brings his passion both 
for the history of calculus and for its careful and precise presentation. He describes the 
contributions to the development of calculus by great thinkers that preceded Newton and 
Leibniz. He also illuminates the idea of using the derivative as a measure of sensitivity.

This text is a proven winner that just keeps getting better. With the new course frame-
work rolling out, it is a perfect fit for any AP Calculus class today, and promises to be for 
years to come.

Mark Howell
Gonzaga College High School
Washington, DC

foreword

Mark Howell has taught AP Calculus at Gonzaga High School for more than thirty years. 
He has served the AP Calculus community at the AP Reading as a reader, table leader, 
and question leader for eighteen years, and for four years he served as a member of the AP 
Calculus Development Committee. A College Board consultant for more than twenty years, 
Mark has led workshops and summer institutes throughout the United States and around the 
world. In 1993 he won a state Presidential Award in the District of Columbia, and in 1999 he 
won a Tandy Technology Scholars Award and the Siemens Foundation Award for Advanced 
Placement Teachers. He is the author of the current AP Teacher’s Guide for AP Calculus, 
and is co-author with Martha Montgomery of the popular AP Calculus review book Be 
Prepared for the AP Calculus Exam from Skylight Publishing.
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  xvii

The fifth edition of Calculus: Graphical, Numerical, Algebraic, AP* Edition, by Finney, 
Demana, Waits, Kennedy, and Bressoud completely supports the content, philosophy, and 
goals of the Advanced Placement (AP*) Calculus courses (AB and BC).

The College Board has recently finished a lengthy and thorough review of the AP* 
Calculus courses to ensure that they continue to keep pace with the best college and uni-
versity courses that are taught with similar educational goals. This review has resulted in 
a repackaging of the course descriptions in terms of big ideas, enduring understandings, 
learning objectives, and essential knowledge, but the learning goals remain essentially the 
same. That has allowed us to retain the overall flow of our previous edition and concen-
trate our attention on how we might be more helpful to you and your students in certain 
parts of the course.

A very broad look at the overall goals of this textbook is given in the following bulleted 
summary. Although these are not explicit goals of the AP program and do not include all 
of the learning objectives in the new AP Curriculum Framework, they do reflect the inten-
tions of the AP Calculus program. (Note that the asterisked goals are aligned with the BC 
course and are not required in AB Calculus.)

• Students will be able to work with functions represented graphically, numerically, ana-
lytically, or verbally, and will understand the connections among these representations; 
graphing calculators will be used as a tool to facilitate such understanding.

• Students will, in the process of solving problems, be able to use graphing calculators to 
graph functions, solve equations, evaluate numerical derivatives, and evaluate numeri-
cal integrals.

• Students will understand the meaning of the derivative as a limit of a difference quo-
tient and will understand its connection to local linearity and instantaneous rates of 
change.

• Students will understand the meaning of the definite integral as a limit of Riemann 
sums and as a net accumulation of change over an interval, and they will understand 
and appreciate the connection between derivatives and integrals.

• Students will be able to model real-world behavior and solve a variety of problems 
using functions, derivatives, and integrals; they will also be able to communicate solu-
tions effectively, using proper mathematical language and syntax.

• Students will be able to represent and interpret differential equations geometrically 
with slope fields and (*) numerically with Euler’s method; they will be able to model 
dynamic situations with differential equations and solve initial value problems 
 analytically.

• (*) Students will understand the convergence and divergence of infinite series and will 
be able to represent functions with Maclaurin and Taylor series; they will be able to 
approximate or bound truncation errors in various ways.

• (*) Students will be able to extend some calculus results to the context of motion in the 
plane (through vectors) and to the analysis of polar curves.

The incorporation of graphing calculator technology throughout the course continues 
to be a defining feature of this textbook, but we urge teachers to read the next section, 
Philosophy on Technology Usage, to see how our philosophy has changed over time 
(again, in harmony with our AP* Calculus colleagues). Whether you are concerned about 

To the Teacher
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xviii To the Teacher

how to use calculators enough or how not to use calculators too much, we believe you can 
trust this author team to address your concerns with the perspective that only long experi-
ence can provide.

Whether you are a veteran user of our textbooks or are coming on board for this fifth 
edition, we thank you for letting us join you in the important adventure of educating your 
students. Some of the best suggestions for improving our book over the years have come 
from students and teachers, so we urge you to contact us through Pearson if you have any 
questions or concerns. To paraphrase Isaac Newton, if this textbook enables your students 
to see further down the road of mathematics, it is because we have stood on the shoulders 
of dedicated teachers like you.

When the AP Calculus committee, after consultation with leaders in mathematics and 
mathematics education, made the decision to require graphing calculators on the AP exam-
inations, their intent was to enhance the teaching and learning of calculus in AP class-
rooms. In fact, that decision probably had an impact on the entire secondary mathematics 
curriculum, as teachers discovered that graphing utilities could make a deeper understand-
ing of function behavior possible in earlier courses. The authors of this textbook have 
supported the use of this technology from its inception and, well aware of its potential for 
either facilitating or circumventing true understanding, have employed it carefully in our 
approach to problem solving. Indeed, longtime users of this textbook are well acquainted 
with our insistence on the distinction between solving the problem and supporting or 
confirming the solution, and how technology figures into each of those processes.

As hand-held graphing technology enters its fourth decade, we have come to realize that 
advances in technology and increased familiarity with calculators have gradually blurred 
some of the distinctions between solving and supporting that we had once assumed to be 
apparent. Textbook exercises that we had designed for a particular pedagogical purpose 
are now being solved with technology in ways that either side-step or obscure the learning 
we had hoped might take place. For example, students might find an equation of the line 
through two points by using linear regression, or they might match a set of differential 
equations with their slope fields by simply graphing each slope field. Now that calculators 
with computer algebra systems have arrived on the scene, exercises meant for practicing 
algebraic manipulations are being solved without the benefit of the practice. We do not 
want to retreat in any way from our support of modern technology, but we feel that the time 
has come to provide more guidance about the intent of the various exercises in our textbook.

Therefore, as a service to teachers and students alike, exercises in this textbook that 
should be solved without calculators will be identified with gray ovals around the exer-
cise numbers. These will usually be exercises that demonstrate how various functions 
behave algebraically or how algebraic representations reflect graphical behavior and vice 
versa. Application problems will usually have no restrictions, in keeping with our emphasis  
on modeling and on bringing all representations to bear when confronting real-world 
problems. We are pleased to note that this all meshes well with the Mathematical Practices 
for AP Calculus (MPACs).

When the AP Calculus committee decided to change the number of noncalculator prob-
lems on the free-response portions of the AP examinations from three to four (out of six), 
their concern was related to test development rather than pedagogy. Still, their decision, 
like ours, was informed by years of experience with the teachers, the students, and the 
technology. The goal today is the same as it was thirty years ago: to enhance the teaching 
and learning of mathematics.

Incidentally, we continue to encourage the use of calculators to support answers 
graphically or numerically after the problems have been solved with pencil and paper.  
Any time students can make those connections among the graphical, analytical, and 

Philosophy on technology Usage
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numerical representations, they are doing good mathematics. We just don’t want them to 
miss something along the way because they brought in their calculators too soon.

As a final note, we will freely admit that different teachers use our textbook in differ-
ent ways, and some will probably override our no-calculator recommendations to fit with 
their pedagogical strategies. In the end, the teachers know what is best for their students, 
and we are just here to help.

The big change in this new edition, of course, is that we welcome David M. Bressoud to 
the author team. As a college mathematician with years of experience with the Advanced 
Placement (AP) program, he is well acquainted with the scope and the goals of the course, 
and he is well versed in the mathematics that calculus students should know. As an expe-
rienced writer with a particular passion for the history of mathematics, he can provide con-
texts that make calculus topics more interesting for students and teachers alike. Teachers 
who have used our previous editions will have no trouble identifying (and, we hope, 
enjoying) the ways that David has enriched what was already a gratifyingly popular book.

a few global Changes
As with previous editions, we have kept our focus on high school students taking one of 
the College Board’s AP courses, Calculus AB or Calculus BC. The topics in the book 
reflect both the curriculum and the pedagogy of an AP course, and we do what we can 
to prepare students for the AP examinations throughout the book. As the College Board  
has moved toward objective-based course descriptions, we have replaced our “What 
You Will Learn . . . and Why” feature in each section opener by learning objectives and 
bulleted context topics. Also, as free-response questions on the AP examinations have 
evolved in focus and style, we have added or amended our exercises to reflect those 
changes. Although the role of graphing calculators in the course has not changed signifi-
cantly since the fourth edition, we have made a few changes based on calculator evolution. 
We have also removed some of the gray “no calculator” ovals from the fourth edition to 
reflect an emerging consensus among calculus teachers that not every problem that can be 
solved without a calculator ought to be solved without a calculator.

We have expanded the treatment of the derivative as a measure of sensitivity, which 
now appears as an ongoing topic in several different sections of the book. We have also 
made a more consistent commitment to point-slope form for linear equations throughout 
the book, as that is the form that emphasizes the concept of local linearity, critical for 
understanding differential calculus.

We decided in this edition to eliminate all references to calculator regression func-
tionality and all solutions that involved fitting curves to data points. There are still plenty 
of examples and exercises based on numerical data and tables, but the solutions do not 
involve first finding functions to fit the points to allow for an analytic solution. Calculator 
regression has never been permissible on AP calculus examinations, precisely because it 
changes the intent of the problem. We therefore felt that our regression references might 
be doing more harm than good.

Most of the motivational “Chapter Opener” problems are new and improved in this edi-
tion, and (thanks to David) many more historical nuggets have been sprinkled throughout 
the book. We also confess that some of the nuggets that were already there were in need 
of refinement. For example, the name of one of the key players has been restored to its 
original spelling: Guillaume de l’Hospital.

Finally, be assured that we have looked carefully at the content of the new AP Calculus 
Curriculum Framework, and there is nothing therein that is not covered in this book. Moreover, 
the emphases are in harmony with the objectives of the AP course, as they have always been.

Changes for this edition
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some specific Chapter Changes
Chapter 1, which is really a review of precalculus topics, has been altered in several places 
to be less of a “here is a summary of what you have learned” experience and more of a 
“here are some things you have learned that you will need for studying calculus” experi-
ence. For example, the section on lines is now about linear functions and makes references 
to their importance in calculus—despite the fact that it appears before the section that 
reviews functions. We have also added a subsection on solving simultaneous linear equa-
tions (including by matrices with a calculator).

The Chapter 2 opener has been changed to introduce the topic of sensitivity, the measure-
ment of how change in the input variable affects change in the output variable, and a subsection 
with examples about sensitivity has been added. The epsilon-delta definition of limit (not an 
AP topic, and no longer assumed in many first-year college courses) has been entirely moved 
to the appendices, while the intuitive definition has been strengthened and clarified. In line with 
the AP course descriptions, the Sandwich Theorem has been renamed the Squeeze Theorem.

In most cases, linear equations appearing as answers in examples and exercises in 
Chapter 3 have been converted to point-slope form to reinforce the idea of local linearity. 
Additional attention is now paid to the “MathPrint” version of the numerical derivative, 
while retaining references to what is now called the “classic” syntax.

A new example has been added to the end of Chapter 4 to illustrate (in multiple-choice 
form) the most common errors students make when applying, or failing to apply, the Chain 
Rule.

In Chapter 5, examples and exercises have been added to illustrate sensitivity as an 
application of the derivative. A proof of the Mean Value Theorem and an exploration of 
Lagrange’s bound on the difference between a function and its tangent line approximation 
have been added as exercises in Extending the Ideas.

Chapter 6 now contains more coverage of accumulation as a fundamental interpretation 

of integration, and more attention is paid to the accumulator function 1 x
a  ƒ1t2 dt and its 

applications. The two parts of the Fundamental Theorem of Calculus have been helpfully 
distinguished as the Antiderivative Part and the Evaluation Part.

In Chapter 7, the example showing how to handle discontinuity in an initial value 
problem has been modified to show more clearly why the domain of the solution must 
be restricted. Exercises involving exponential and logistic regression have been replaced 
with additional exercises involving separation of variables and the solution to the general 
logistic equation. More free-response questions involving slope fields and separation of 
variables have been added to the chapter review.

More exercises and examples on accumulation have been added to Chapter 8. Another 
example and some exercises have been added to give students more familiarity with solids 
of revolution around lines that are not the coordinate axes.

In Chapter 9, more material has been added on the Fibonacci sequence and the golden 
ratio w. Graphing calculator screens have been updated to reflect the newer sequence 
format and to show how the TRACE feature can be used to explore limits of sequences.

In Chapter 10, a margin note has been added to make term-by-term differentiation of 
power series simpler for students. Section 3 (Taylor’s Theorem) has been extensively 
revised to make truncation error analysis easier for BC students. The alternating series error  
bound is now introduced in this section so it can be compared with the Lagrange  
error bound in examples and exercises, and more AP-style problems involving truncation 
error analysis have been added. The Remainder Estimation Theorem has been renamed the 
Remainder Bounding Theorem to reflect how the theorem is actually used.

Chapter 11 now includes a discussion of how polar equations can be used to describe 
conic sections. There is also a brief introduction to the use of conic sections in orbital 
mechanics, along with several new exercises in that context. Some interesting new historical  
references have been added to explain how certain polar curves acquired their names.
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Mathematical Practices for aP Calculus (MPaCs)
The Mathematical Practices highlighted in the AP Calculus Curriculum Framework 
always have been and continue to be represented in the text, examples, and exercises.

MPAC 1, Reasoning with definitions and theorems is one of the dominant themes 
in the development of each new idea and of the exercises. Definitions and theorems are 
highlighted in each section and summarized at the end of each chapter for reference 
and review.

MPAC 2, Connecting concepts runs throughout this book, introducing new concepts 
by connecting them to what has come before and in the reliance of many exercises that 
draw on applications or build on student knowledge. Quick Review exercises at the start 
of each Exercise set review concepts from previous sections (or previous courses) that 
will be needed for the solutions.

MPAC 3, Implementing algebraic/computational processes is well represented in 
the foundational exercises with which each exercise set begins and in the thoughtful 
use of technology.

MPAC 4, Connecting multiple representations has always been present in the 
emphasis on the connections among graphical, numerical, and algebraic representations 
of the key concepts of calculus. The title of this book speaks for itself in that regard.

MPAC 5, Building notational fluency is represented in the intentional use of a variety 
of notational forms and in their explicit connection to graphical, numerical, and alge-
braic representations. Many margin notes explicitly address notational concerns.

MPAC 6, Communicating is a critical component of the Explorations that appear in 
each section. Communication is also essential to the Writing to Learn exercises as well 
as the Group Activities. Many of the exercises and examples in the book have “justify 
your answer” components in the spirit of the AP exams.

Balanced approach
A principal feature of this edition is the balance attained among the rule of four: analytic/
algebraic, numerical, graphical, and verbal methods of representing problems. We believe 
that students must value all of these methods of representation, understand how they are 
connected in a given problem, and learn how to choose the one(s) most appropriate for 
solving a particular problem. (MPACs 2 and 4)

the rule of four
In support of the rule of four, we use a variety of techniques to solve problems. For 
instance, we obtain solutions algebraically or analytically, support our results graphi-
cally or numerically with technology, and then interpret the result in the original problem 
context. We have written exercises in which students are asked to solve problems by one 
method and then support or confirm their solutions by using another method. We want 
students to understand that technology can be used to support (but not prove) results, and 
that algebraic or analytic techniques are needed to prove results. We want students to 
understand that mathematics provides the foundation that allows us to use technology to 
solve problems. (MPACs 1, 3, 4, and 5)

Finally, we have performed some appendectomies on the material in the back of the 
book that has been accruing over the years. We removed the appendices on Mathematical 
Induction and Conic Sections, as those are really precalculus topics. We also removed 
nearly half of the formulas in the Brief Table of Integrals, retaining only those that were 
within the scope of the course, or interesting, or both.

Continuing features
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applications
The text includes a rich array of interesting applications from biology, business, chemistry, 
economics, engineering, finance, physics, the social sciences, and statistics. Some applica-
tions are based on real data from cited sources. Students are exposed to functions as mecha-
nisms for modeling data and learn about how various functions can model real-life problems. 
They learn to analyze and model data, represent data graphically, interpret from graphs, and 
fit curves. Additionally, the tabular representations of data presented in the text highlight the 
concept that a function is a correspondence between numerical variables, helping students to 
build the connection between the numbers and the graphs. (MPACs 2, 4, and 6)

explorations
Students are expected to be actively involved in understanding calculus concepts and 
solving problems. Often the explorations provide a guided investigation of a concept. The 
explorations help build problem-solving ability by guiding students to develop a mathemat-
ical model of a problem, solve the mathematical model, support or confirm the solution, and 
interpret the solution. The ability to communicate their understanding is just as important 
to the learning process as reading or studying, not only in mathematics but also in every 
academic pursuit. Students can gain an entirely new perspective on their knowledge when 
they explain what they know, either orally or in writing. (MPACs 1, 2, 4, and 6)

graphing Utilities
The book assumes familiarity with a graphing utility that will produce the graph of a  
function within an arbitrary viewing window, find the zeros of a function, compute the 
derivative of a function numerically, and compute definite integrals numerically. Students 
are expected to recognize that a given graph is reasonable, identify all the important 
characteristics of a graph, interpret those characteristics, and confirm them using analytic 
methods. Toward that end, most graphs appearing in this book resemble students’ actual 
grapher output or suggest hand-drawn sketches. This is one of the first calculus textbooks 
to take full advantage of graphing calculators, philosophically restructuring the course to 
teach new things in new ways to achieve new understanding, while (courageously) aban-
doning some old things and old ways that are no longer serving a purpose. (MPACs 3. 4 
and 5)

exercise sets
The exercise sets were updated for this edition, including many new ones. There are 
nearly 4000 exercises, with more than 80 Quick Quiz exercises and 560 Quick Review 
exercises. The different types of exercises included are Algebraic and analytic manipu-
lation, Interpretation of graphs, Graphical representations, Numerical representations, 
Explorations, Writing to learn, Group activities, Data analyses, Descriptively titled appli-
cations, Extending the ideas.

Each exercise set begins with the Quick Review feature, which can be used to introduce 
lessons, support Examples, and review prerequisite skills. The exercises that follow are 
graded from routine to challenging. Some exercises are also designed to be solved with-
out a calculator; these exercises have numbers printed within a gray oval. Students are 
urged to support the answers to these (and all) exercises graphically or numerically, but 
only after they have solved them with pencil and paper. An additional block of exercises, 
Extending the Ideas, may be used in a variety of ways, including group work. We also 
provide Review Exercises and AP Examination Preparation at the end of each chapter.
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For the Student
The following supplements are available for purchase:

AP* Test Prep Series: AP* Calculus  
(ISBN: 0133314588)

• Introduction to the AP AB and BC Calculus Exams

• Precalculus Review of Calculus Prerequisites

• Review of AP Calculus AB and Calculus BC Topics

• Practice Exams

• Answers and Solutions

For the Teacher
The following supplements are available to qualified adopters:

Annotated Teacher’s Edition

• Answers included on the same page as the problem appears, for 
most exercises. All answers included in the back of the book.

• Solutions to Chapter Opening Problems, Teaching Notes, 
Common Errors, Notes on Examples and Exploration 
Extensions, and Assignment Guide included at the beginning 
of the book.

Solutions Manual

• Complete solutions for Quick Reviews, Exercises, 
Explorations, and Chapter Reviews

Print Supplements and Resources

 To the Teacher  xxiii

The Fifth Edition of Finney, Demana, Waits, Kennedy, Bressoud Calculus is accompanied 
by an extensive range of technology resources designed to support students in practicing 
and learning the material, and to assist teachers in managing and delivering their courses.

MathXL® for School (optional, for purchase only)—access code required,  
www.mathxlforschool.com
MathXL for School is a powerful online homework, tutorial, and assessment supplement 
that aligns to Pearson Education’s textbooks in mathematics or statistics. With MathXL 
for School, teachers can:

• Create, edit, and assign auto-graded online homework and tests correlated at the objec-
tive level to the textbook

• Utilize automatic grading to rapidly assess student understanding

• Track both student and group performance in an online gradebook

• Prepare students for high-stakes testing, including aligning assignments to state and 
Common Core State Standards, where available

• Deliver quality, effective instruction regardless of experience level

With MathXL for School, students can:

• Do their homework and receive immediate feedback

• Get self-paced assistance on problems in a variety of ways (guided solutions, step-by-
step examples, video clips, animations)

• Have a large number of practice problems to choose from, helping them master a topic

• Receive personalized study plans and homework based on test results

For more information and to purchase student access codes after the first year, visit 
our Web site at www.mathxlforschool.com, or contact your Pearson Account General 
Manager.

MyMathLab® Online Course (optional, for purchase only)—access code 
required, www.mymathlab.com
MyMathLab is a text-specific, easily customizable, online course that integrates interac-
tive multimedia instruction with textbook content. MyMathLab gives you the tools you 
need to deliver all or a portion of your course online.

Technology Resources
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MyMathLab features include:

• Interactive eText, including highlighting and note taking tools, and links to videos and 
exercises

• Rich and flexible course management, communication, and teacher support tools

• Online homework and assessment, and personalized study plans

• Complete multimedia library to enhance learning

• All teacher resources in one convenient location

For more information, visit www.mymathlabforschool.com or contact your Pearson 
Account General Manager.

Video Resources
These video lessons feature an engaging team of mathematics teachers who present 
comprehensive coverage of each section of the text. The lecturers’ presentations include 
examples and exercises from the text and support an approach that emphasizes visualiza-
tion and problem solving. Available in MyMathLab for School.

Additional Support for Teachers
Most of the teacher supplements and resources for this book are available electronically 
upon adoption or to preview. For more information, please contact your Pearson School 
sales representative.

Downloadable Teacher’s Resources

• Texas Instruments Graphing Calculator Manual is an introduction to Texas 
Instruments’ graphing calculators, as they are used for calculus. Featured are the 
TI-84 Plus Silver Edition with MathPrint, the TI-83 Plus Silver Edition, and the TI-89 
Titanium. The keystrokes, menus, and screens for the TI-84 Plus are similar to the TI-84  
Plus Silver Edition; those for the TI-83 Plus are similar to the TI-83 Plus Silver Edition; 
and the TI-89, TI-92 Plus, and VoyageTM 200 are similar to the TI-89 Titanium.

• Resources for AP* Exam Preparation and Practice includes many resources to help 
prepare students for the AP* Calculus exam, including concepts worksheets, sample 
AB and BC exams, and answers to those exams.

• AP* Calculus Implementation Guide is a tool to help teachers manage class time 
and ensure the complete Advanced Placement* Calculus Curriculum Framework is 
covered. It includes pacing guides (for AB and BC Calculus), assignment guides, topic 
correlations, and lesson plans.

• PowerPoint® Lecture Presentation This time-saving resource includes classroom 
presentation slides that align to the topic sequence of the textbook.

• Assessment Resources include chapter quizzes, chapter tests, semester test, final tests, 
and alternate assessments.

TestGen®

TestGen enables teachers to build, edit, print, and administer tests using a computerized 
bank of questions developed to cover all the objectives of the text. TestGen is algorith-
mically based, allowing teachers to create multiple but equivalent versions of the same 
 question or test with the click of a button. Teachers can also modify test bank questions or 
add new questions. Tests can be printed or administered online.
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We know that as you study for your AP course, you’re preparing along the way for the AP 
exam. By tying the material in this book directly to AP course goals and exam topics, we 
help you to focus your time most efficiently. And that’s a good thing!

The AP exam is an important milestone in your education. A high score will position 
you optimally for college acceptance—and possibly will give you college credits that put 
you a step ahead. Our primary commitment is to provide you with the tools you need to 
excel on the exam . . . the rest is up to you!

Test-Taking Strategies for an Advanced Placement 
Calculus Examination
You should approach the AP Calculus Examination the same way you would any major 
test in your academic career. Just remember that it is a one-shot deal—you should be at 
your peak performance level on the day of the test. For that reason you should do every-
thing that your “coach” tells you to do. In most cases your coach is your classroom teacher. 
It is very likely that your teacher has some experience, based on workshop information or 
previous students’ performance, to share with you.

You should also analyze your own test-taking abilities. At this stage in your education, 
you probably know your strengths and weaknesses in test-taking situations. You may be 
very good at multiple choice questions but weaker in essays, or perhaps it is the other way 
around. Whatever your particular abilities are, evaluate them and respond accordingly. 
Spend more time on your weaker points. In other words, rather than spending time in your 
comfort zone where you need less work, try to improve your soft spots. In all cases, con-
centrate on clear communication of your strategies, techniques, and conclusions.

The following table presents some ideas in a quick and easy form.

To the AP Student

General Strategies for AP Examination Preparation

Time Dos
Through the Year • Register with your teacher/coordinator

• Pay your fee (if applicable) on time
• Take good notes
• Work with others in study groups
• Review on a regular basis
• Evaluate your test-taking strengths and weaknesses

Several Weeks 
Before

• Combine independent and group review
• Get tips from your teacher
• Do lots of mixed review problems
• Check your exam date, time, and location
• Review the appropriate AP Calculus syllabus (AB or BC)
• Make sure your calculator is on the approved list

The Night Before • Put new batteries in your calculator or make sure it is charged
• Set your calculator in Radian Mode
• Lay out your clothes and supplies so that you are ready to go 

out the door
• Do a short review
• Go to bed at a reasonable hour

Exam Day • Get up a little earlier than usual
• Eat a good breakfast/lunch
• Get to your exam location 15 minutes early

Exam Night • Relax—you have earned it
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topics from the advanced Placement Curriculum for 
Calculus aB, Calculus BC
As an AP student, you are probably well aware of the good study habits that are needed to 
be a successful student in high school and college:

• attend all the classes

• ask questions (either during class or after)

• take clear and understandable notes

• make sure you are understanding the concepts rather than memorizing formulas

• do your homework; extend your test-prep time over several days or weeks, instead of 
cramming

• use all the resources—text and people—that are available to you.

No doubt this list of “good study habits” is one that you have seen or heard before. You 
should know that there is powerful research that suggests a few habits or routines will 
enable you to go beyond “knowing about” calculus, to more deeply “understanding” cal-
culus. Here are three concrete actions for you to consider:

• Review your notes at least once a week and rewrite them in summary form.

• Verbally explain concepts (theorems, etc.) to a classmate.

• Form a study group that meets regularly to do homework and discuss reading and lec-
ture notes.

Most of these tips boil down to one mantra, which all mathematicians believe in:

Mathematics is not a spectator sport.

The AP Calculus Examination is based on the following Topic Outline. For your conve-
nience, we have noted all Calculus AB and Calculus BC objectives with clear indications 
of topics required only by the Calculus BC Exam. The outline cross-references each AP 
Calculus objective with the appropriate section(s) of this textbook: Calculus: Graphical, 
Numerical, Algebraic, AP* Edition, Fifth Edition, by Finney, Demana, Waits, Kennedy, 
and Bressoud.

Use this outline to track your progress through the AP exam topics. Be sure to cover 
every topic associated with the exam you are taking. Check it off when you have studied 
and/or reviewed the topic.

Even as you prepare for your exam, I hope this book helps you map—and enjoy—your 
calculus journey!

 — John Brunsting 
Hinsdale Central High School
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Concept Outline for AP Calculus AB and AP Calculus BC

(excerpted from the College Board’s Curriculum Framework—AP Calculus AB and AP Calculus BC, Fall 2014)

EU = Enduring Understanding, LO = Learning Objective, BC only topics

Big Idea 1: Limits Sections

EU 1.1: The concept of a limit can be used to understand the behavior of functions.  

LO 1.1A(a): Express limits symbolically using correct notation. 2.1, 2.2

LO 1.1A(b): Interpret limits expressed symbolically. 2.1, 2.2

LO 1.1B: Estimate limits of functions. 2.1, 2.2

LO 1.1C: Determine limits of functions. 2.1, 2.2, 9.2, 9.3

LO 1.1D: Deduce and interpret behavior of functions using limits. 2.1, 2.2, 9.3

              
EU 1.2: Continuity is a key property of functions that is defined using limits.  

LO 1.2A: Analyze functions for intervals of continuity or points of discontinuity. 2.3

LO 1.2B: Determine the applicability of important calculus theorems using continuity. 2.3, 5.1, 5.2, 6.2–4

Big Idea 2: Derivatives Sections

EU 2.1: The derivative of a function is defined as the limit of a difference quotient and can  
be determined using a variety of strategies.

 

LO 2.1A: Identify the derivative of a function as the limit of a difference quotient. 3.1

LO 2.1B: Estimate the derivative. 3.1, 3.2

LO 2.1C: Calculate derivatives. 3.3, 3.5, 4.1 –4, 11.1–3

LO 2.1D: Determine higher order derivatives. 3.3, 4.2

         
EU 2.2: A function’s derivative, which is itself a function, can be used to understand the behavior of the  
function.

2.4

LO 2.2A: Use derivatives to analyze properties of a function. 5.1–3, 11.1–3

LO 2.2B: Recognize the connection between differentiability and continuity. 3.2

              
EU 2.3: The derivative has multiple interpretations and applications including those that involve  
instantaneous rates of change.

 

LO 2.3A: Interpret the meaning of a derivative within a problem. 2.4, 3.1, 3.4, 5.5

LO 2.3B: Solve problems involving the slope of a tangent line. 2.4, 3.4, 5.5

LO 2.3C: Solve problems involving related rates, optimization, rectilinear motion,  
(BC) and planar motion.

3.4, 5.1, 5.3,  
5.4, 5.6, 11.1–3

LO 2.3D: Solve problems involving rates of change in applied contexts. 5.5, 5.6

LO 2.3E: Verify solutions to differential equations. 7.1

LO 2.3F: Estimate solutions to differential equations. 7.1

              
EU 2.4: The Mean Value Theorem connects the behavior of a differentiable function over an interval to the 
behavior of the derivative of that function at a particular point in the interval.

  

LO 2.4A: Apply the Mean Value Theorem to describe the behavior of a function over an interval. 5.2

Big Idea 3: Integrals and the Fundamental Theorem of Calculus Sections

EU 3.1: Antidifferentiation is the inverse process of differentiation.  

LO 3.1A: Recognize antiderivatives of basic functions. 6.3
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Big Idea 3: Integrals and the Fundamental Theorem of Calculus—continued Sections  

EU 3.2: The definite integral of a function over an interval is the limit of a Riemann sum over  
that interval and can be calculated using a variety of strategies.

  

LO 3.2A(a): Interpret the definite integral as the limit of a Riemann sum. 6.1, 6.2

LO 3.2A(b): Express the limit of a Riemann sum in integral notation. 6.2

LO 3.2B: Approximate a definite integral. 6.1, 6.2, 6.5
LO 3.2C: Calculate a definite integral using areas and properties of definite integrals. 6.2, 6.3
LO 3.2D: (BC) Evaluate an improper integral or show that an improper integral diverges. 9.4

              
EU 3.3: The Fundamental Theorem of Calculus, which has two distinct formulations, connects  
differentiation and integration.

 

LO 3.3A: Analyze functions defined by an integral. 6.1–4, 8.1

LO 3.3B(a): Calculate antiderivatives. 6.3, 6.4, 7.2, 7.3, 7.5

LO 3.3B(b): Evaluate definite integrals. 6.3, 6.4, 7.2, 7.3, 7.5

     
EU 3.4: The definite integral of a function over an interval is a mathematical tool with many  
interpretations and applications involving accumulation.

 

LO 3.4A: Interpret the meaning of a definite integral within a problem. 6.1, 6.2, 8.1, 8.5

LO 3.4B: Apply definite integrals to problems involving the average value of a function. 6.3

LO 3.4C: Apply definite integrals to problems involving motion. 6.1, 8.1, 11.1–3

LO 3.4D: Apply definite integrals to problems involving area, volume, (BC) and length of a curve. 8.2, 8.3, 8.4

LO 3.4E: Use the definite integral to solve problems in various contexts. 6.1, 8.1, 8.5

EU 3.5: Antidifferentiation is an underlying concept involved in solving separable differential  
equations. Solving separable differential equations involves determining a function or relation given its rate  
of change.

LO 3.5A: Analyze differential equations to obtain general solutions. 7.1, 7.4, 7.5

LO 3.5B: Interpret, create, and solve differential equations from problems in context. 7.1, 7.4, 7.5

Big Idea 4: Series (BC) Sections

EU 4.1: The sum of an infinite number of real numbers may converge.  

LO 4.1A Determine whether a series converges or diverges. 9.1, 10.1, 10.4, 10.5

LO 4.1B: Determine or estimate the sum of a series. 10.1

     
EU 4.2: A function can be represented by an associated power series over the interval of  
convergence for the power series.

  

LO 4.2A: Construct and use Taylor polynomials. 10.2, 10.3

LO 4.2B: Write a power series representing a given function. 10.1–3

LO 4.2C: Determine the radius and interval of convergence of a power series. 10.4, 10.5

For the most current AP* Exam Topic correlation for this textbook, visit PearsonSchool.com/AdvancedCorrelations.
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 To the AP Student   xxix

Using the Book for Maximum effectiveness
So, how can this book help you to join in the game of mathematics for a winning future? 
Let us show you some unique tools that we have included in the text to help prepare you 
not only for the AP Calculus exam, but also for success beyond this course.

Chapter Openers provide a photograph and application to show 
you an example that illustrates the relevance of what you’ll be learn-
ing in the chapter.

A Chapter Overview then follows to give you a sense of what you 
are going to learn. This overview provides a roadmap of the chapter 
as well as tells how the different topics in the chapter are connected 
under one big idea. It is always helpful to remember that mathemat-
ics isn’t modular, but interconnected, and that the different skills you 
are learning throughout the course build on one another to help you 
understand more complex concepts.

Similarly, the Objectives and Topics feature gives you the big ideas in each section and 
explains their purpose. You should read this as you begin the section and always review 
it after you have completed the section to make sure you understand all of the key topics 
that you have just studied. 

Margin Notes appear throughout the book on various topics. Some notes provide more 
information on a key concept or an example. Other notes offer practical advice on using 
your graphing calculator to obtain the most accu-
rate results. 

Brief Historical Notes present the stories of people 
and the research that they have done to advance 
the study of mathematics. Reading these notes will 
often provide you with a deeper appreciation for 
calculus as a human achievement and may inspire 
you to do great things yourself some day. 
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Differential Equations
We have already seen how the discovery of calculus enabled mathematicians to solve 
problems that had befuddled them for centuries because the problems involved moving 
objects. Leibniz and Newton were able to model these problems of motion by using equa-
tions involving derivatives—what we call differential equations today, after the notation 
of Leibniz. Much energy and creativity has been spent over the years on techniques for 
solving such equations, which continue to arise in all areas of applied mathematics.

ChaptEr 7 Overview

One of the early accomplishments of calculus was predicting the future position of a planet 
from its present position and velocity. Today this is just one of many situations in which 
we deduce everything we need to know about a function from one of its known values 
and its rate of change. From this kind of information, we can tell how long a sample of 
radioactive polonium will last; whether, given current trends, a population will grow or 
become extinct; and how large major league baseball salaries are likely to be in the year 
2020. In this chapter, we examine the analytic, graphical, and numerical techniques on 
which such predictions are based.

7.1 Slope Fields and Euler’s Method
You will be able to use slope fields 
to analyze solution curves to differ-
ential equations, and you will be able 
to use Euler’s method to construct 
solutions numerically.
• Differential equations
• General and particular solutions  

of differential equations
• Solving exact differential equations
• Slope fields
• Euler’s Method Definition Differential equation

An equation involving a derivative is called a differential equation. The order of a 
differential equation is the order of the highest derivative involved in the equation.

ExaMplE 1 Solving a Differential Equation

Find all functions y that satisfy dy>dx = sec2 x + 2x + 5.

Solution

We first encountered this sort of differential equation (called exact because it gives the 
derivative exactly) in Chapter 5. The solution can be any antiderivative of sec2 x +
2x + 5, which can be any function of the form y = tan x + x 2 + 5x + C. That family 
of functions is the general solution to the differential equation.
 Now Try Exercise 1.

Notice that we cannot find a unique solution to a differential equation unless we are 
given further information. If the general solution to a first-order differential equation is 
continuous, the only additional information needed is the value of the function at a single 
point, called an initial condition. A differential equation with an initial condition is called 
an initial value problem. It has a unique solution, called the particular solution to the 
differential equation.

ExaMplE 2 Solving an initial Value Problem

Find the particular solution to the equation dy>dx = ex - 6x2 whose graph passes 
through the point 11, 02.

Solution

The general solution is y = ex - 2x3 + C. Applying the initial condition that y = 0 
when x = 1, we have 0 = e - 2 + C, from which we conclude that C = 2 - e. 
Therefore, the particular solution is y = ex - 2x 3 + 2 - e. Now Try Exercise 13.
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the difference between its temperature and the temperature of the surrounding medium.  
This observation is Newton’s Law of Cooling, although it applies to warming as well, and 
there is an equation for it.

If T is the temperature of the object at time t, and Ts is the surrounding temperature, then

dT

dt
= -k1T - Ts2. (1)

Since dT = d1T - Ts2, equation (1) can be written as

d

dt
 1T - Ts2 = -k1T - Ts2.

Its solution, by the law of exponential change, is

T - Ts = 1T0 - Ts2e-kt,

where T0 is the temperature at time t = 0. This equation also bears the name Newton’s 
Law of Cooling.

J. Ernest Wilkins, Jr. (1923–2011)
By the age of nineteen, 
J. Ernest Wilkins had 
earned a Ph.D. degree 
in Mathematics from the 
University of Chicago. 
He then taught, served 
on the Manhattan proj-
ect (the goal of which 
was to build the first 

atomic bomb), and worked as a mathemati-
cian and physicist for several corporations. 
In 1970, Dr. Wilkins joined the faculty at 
Howard University and served as head of the 
electrical engineering, physics, chemistry,  
and mathematics departments before retir-
ing. He was also Distinguished Professor 
of Applied Mathematics and Mathematical 
Physics at Clark Atlanta University.

ExaMplE 6 using newton’s law of Cooling

A hard-boiled egg at 98°C is put in a pan under running 18°C water to cool. After  
5 minutes, the egg’s temperature is found to be 38°C. How much longer will it take the 
egg to reach 20°C?

Solution

Model Using Newton’s Law of Cooling with Ts = 18 and T0 = 98, we have

T - 18 = 198 - 182e-kt or T = 18 + 80e-kt.

To find k we use the information that T = 38 when t = 5.

 38 = 18 + 80e-5k

 e-5k =
1

4

 -5k = ln 
1

4
= - ln 4

 k =
1

5
 ln 4

The egg’s temperature at time t is T = 18 + 80e-10.2 ln 42t.

Solve Graphically We can now use a grapher to find the time when the egg’s 
temperature is 20°C. Figure 7.12 shows that the graphs of

y = 20 and y = T = 18 + 80e-10.2 ln 42t

intersect at about t = 13.3.

Interpret The egg’s temperature will reach 20°C in about 13.3 min after it is put in 
the pan under running water to cool. Because it took 5 min to reach 38°C, it will take 
slightly more than 8 additional minutes to reach 20°C.

Now Try Exercise 31.

[0, 20] by [10, 40]

Intersection
X = 13.30482     Y = 20 

5128_FG6.11

figure 7.12 The egg will reach 20°C about 
13.3 min after being placed in the pan to 
cool. (Example 6)
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[–2p, 2p] by [–4, 4]

figure 7.4 The graph of the general solution 
in Figure 7.2 conforms nicely to the slope 
field of the differential equation. (Example 6)

[–2π, 2π] by [–4, 4]

5128_FG6.04

figure 7.5 A slope field produced by a graphing 
calculator program.

Differential Equation Mode

If your calculator has a differential equation 
mode for graphing, it is intended for graph-
ing slope fields. The usual “Y=” turns into 
a “dy>dx = ” screen, and you can enter a 
function of x and/or y. The grapher draws 
a slope field for the differential equation 
when you press the GRAPH button.

Can We Solve the Differential 
Equation in Example 7?

Although it looks harmless enough, the 
differential equation dy>dx = x + y  is not 
easy to solve until you have seen how it is 
done. It is an example of a first-order  
linear differential equation, and its general 
solution is

y = Cex - x - 1

(which you can easily check by verifying 
that dy>dx = x + y ). We will defer the 
analytic solution of such equations to a 
later course.

ExaMplE 7  Constructing a Slope Field for a nonexact  
Differential Equation

Use a calculator to construct a slope field for the differential equation dy>dx = x + y 
and sketch a graph of the particular solution that passes through the point 12, 02.

Solution

The calculator produces a graph like the one in Figure 7.6a. Notice the following prop-
erties of the graph, all of them easily predictable from the differential equation:

1.  The slopes are zero along the line x + y = 0 (The horizontal segments do not 
exactly appear in this calculator window, but you can see where they would be.)

2. The slopes are -1 along the line x + y = -1.

3. The slopes get steeper as x increases.

4. The slopes get steeper as y increases.

The particular solution can be found by drawing a smooth curve through the point 
12, 02 that follows the slopes in the slope field, as shown in Figure 7.6b.

[–4.7, 4.7] by [–3.1, 3.1]
(a)

5128_FG6.5a

[–4.7, 4.7] by [–3.1, 3.1]
(b)

5128_FG6.5b

figure 7.6 (a) A slope field for the differential equation dy>dx = x + y, and (b) the same slope 
field with the graph of the particular solution through 12, 02 superimposed. (Example 7)

Now Try Exercise 35.

ExaMplE 8 Matching Slope Fields with Differential Equations

Use slope analysis to match each of the following differential equations with one of the 
slope fields (a) through (d). (Do not use your graphing calculator.)

continued
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c h a p t e r

328

7.1  Slope Fields and 
Euler’s Method

7.2  Antidifferentiation  
by Substitution

7.3  Antidifferentiation  
by Parts

7.4  Exponential Growth 
and Decay

7.5  Logistic Growth

The lovely image above is actually a two-dimensional projection of a three-
dimensional graph that is determined by three differential equations:

 
dx
dt

= 101y - x2

 
dy
dt

= x128 - z2 - y

 
dz
dt

= xy -
8
3

 z

These equations were first used by Edward Lorenz (1917–2008), an MIT 
professor who had served as a meteorologist during World War II. He 
had hoped to use three-dimensional computer simulations of atmospheric 
convection to predict future weather conditions. What he discovered was 
somewhat discouraging for weather predictors but very exciting for math-
ematicians: the first insights into what is widely known today as Chaos 
Theory. You may have read of the “butterfly effect,” the whimsical name 
for the chaotic impact that small perturbations can have on the solutions 
to such systems. (The fact that this classic solution, known as the Lorenz 
attractor, resembles a butterfly is just a happy coincidence.) You will learn 
more about differential equations and their graphs in this chapter.
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(d) Use the rules to estimate how long it takes to double money 
at 5% compounded continuously. 

(e) Invent a rule for estimating the number of years needed to 
triple your money. 

Standardized test Questions
You may use a graphing calculator to solve the following problems.

 47. true or False If dy>dx = ky, then y = ekx + C. Justify your 
answer. 

 48. true or False The general solution to dy>dt = 2y can be writ-
ten in the form y = C13kt2 for some constants C and k. Justify 
your answer. 

 49. Multiple Choice A bank account earning continuously com-
pounded interest doubles in value in 7.0 years. At the same 
interest rate, how long would it take the value of the account to 
triple? 

(A) 4.4 years (B) 9.8 years  (C) 10.5 years

(D) 11.1 years (E) 21.0 years

 50. Multiple Choice A sample of Ce-143 (an isotope of cerium) 
loses 99% of its radioactive matter in 199 hours. What is the 
half-life of Ce-143? 

(A) 4 hours (B) 6 hours (C) 30 hours

(D) 100.5 hours (E) 143 hours

 51. Multiple Choice In which of the following models is dy>dt 
directly proportional to y? 

I. y = ekt + C

II. y = Cekt

III. y = 28kt

(A) I only (B) II only (C) I and II only

(D) II and III only (E) I, II, and III

 52. Multiple Choice An apple pie comes out of the oven at 425°F 
and is placed on a counter in a 68°F room to cool. In 30 minutes 
it has cooled to 195°F. According to Newton’s Law of Cooling, 
how many additional minutes must pass before it cools to 
100°F? 

(A) 12.4  (B) 15.4  (C) 25.0  (D) 35.0  (E) 40.0

Explorations
 53. Resistance Proportional to Velocity It is reasonable to 

assume that the air resistance encountered by a moving object, 
such as a car coasting to a stop, is proportional to the object’s 
velocity. The resisting force on an object of mass m moving with 
velocity v is thus -kv for some positive constant k.

(a) Use the law Force = Mass * Acceleration to show that the 
velocity of an object slowed by air resistance (and no other 
forces) satisfies the differential equation 

m 
dv

dt
= -kv

(b) Solve the differential equation to show that v = v0 e-1k>m2t, 
where v0 is the velocity of the object at time t = 0.  

(c) If k is the same for two objects of different masses, which 
one will slow to half its starting velocity in the shortest 
time? Justify your answer. 

 54. Coasting to a Stop Assume that the resistance encountered 
by a moving object is proportional to the object’s velocity so 
that its velocity is v = v0 e-1k>m2t.
(a) Integrate the velocity function with respect to t to obtain the 

distance function s. Assume that s102 = 0 and show that

s1t2 =
v0 m

k
 a1 - e-1k>m2tb .

(b) Show that the total coasting distance traveled by the object 
as it coasts to a complete stop is v0 m>k. 

 55. Coasting to a Stop Table 7.1 shows the distance s (meters) 
coasted in t seconds by Kelly Schmitzer on her in-line 
skates. Her initial velocity was v0 = 1 m/sec, her mass was 
m = 49.90 kg 1110 lb2, and her total coasting distance was 
1.32 m. Find a model for her position function using the form 
in Exercise 54(a), and superimpose the graph of the function on 
a scatter plot of the data. (Note: You should use your calculator 
to find the value of k in the formula, but do not use your calcu-
lator to fit a regression curve to the data.)

t (sec) 0 0.1 0.3 0.5 0.7 0.9 1.1 1.3 1.5 1.7

s (m) 0 0.07 0.22 0.36 0.49 0.60 0.71 0.81 0.89 0.97

t (sec) 1.9 2.1 2.3 2.5 2.7 2.9 3.1 3.3 3.5 3.7

s (m) 1.05 1.11 1.17 1.22 1.25 1.28 1.30 1.31 1.32 1.32

Source:  Valerie Sharritts, St. Francis de Sales H.S., Columbus, OH.

tABlE 7.1 Kelly Schmitzer Skating Data

Extending the ideas
 56. Continuously Compounded Interest

(a) Use tables to give a numerical argument that

lim
xSq
a1 +

1
x
b

x

= e.

Support your argument graphically.

(b) For several different values of r, give numerical and graphi-
cal evidence that

lim
xSq
a1 +

r

x
b

x

= er.

(c) Writing to learn Explain why compounding interest over 
smaller and smaller periods of time leads to the concept of 
interest compounded continuously.
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ExaMplE 8 Antidifferentiating sin−1 x

Find the solution to the differential equation dy>dx = sin-1 x if the graph of the solu-
tion passes through the point 10, 02.

Solution

We find Lsin-1 x dx, letting u = sin-1 x, dv = dx.

 Lsin-1 x dx = 1sin-1 x21x2 - Lx a 1

21 - x2
b  dx

 = x sin-1 x - L
x dx

21 - x 2

 = x sin-1 x +
1

2L
-2x dx

21 - x 2
Set up substitution.

 = x sin-1 x +
1

2Lu-1>2 du Let u = 1 - x2, du = -2x dx .

 = x sin-1 x + u1>2 + C

 = x sin-1 x + 21 - x 2 + C Resubstitute.

Applying the initial condition y = 0 when x = 0, we conclude that the particular solu-

tion is y = x sin-1 x + 21 - x2 - 1.

A graph of y = x sin-1 x + 21 - x2 - 1 conforms nicely to the slope field for 
dy>dx = sin-1 x, as shown in Figure 7.11. Now Try Exercise 10.

          du

u    dv           u     v v
(+++)+++*

[–1, 1] by [–0.5, 0.5]

5128_FG6.10

figure 7.11 The solution to the initial 
value problem in Example 8 conforms 
nicely to the slope field of the differential 
equation. (Example 8)

Exercise numbers with a gray background indicate problems that the 
authors have designed to be solved without a calculator.

In Exercises 1–4, find dy>dx.

 1. y = x3 sin 2x 2. y = e2x ln 13x + 12
 3. y = tan-1 2x  4. y = sin-1 1x + 32
In Exercises 5 and 6, solve for x in terms of y.

 5. y = tan-1 3x  6. y = cos-1 1x + 12

Quick review 7.3 (For help, go to Sections 4.3 and 4.4.)

 7. Find the area under the arch of the curve y = sin px from x = 0 
to x = 1.

 8. Solve the differential equation dy>dx = e2x.

 9. Solve the initial value problem dy>dx = x + sin x, y102 = 2.

 10. Use differentiation to confirm the integration formula

Lex sin x dx =
1

2
 ex 1sin x - cos x2.

In Exercises 1–10, find the indefinite integral.

 1. Lx sin x dx  2. Lx ex dx

 3. L3t e2t dt  4. L2t cos 13t2 dt

 5. Lx2 cos x dx  6. Lx2e-x dx

 7. Ly ln y dy  8. L t 2 ln t dt

 9. L  log2 x dx 10. L  tan-1 x dx

Section 7.3 Exercises

In Exercises 11–16, solve the initial value problem. (Then you can 
confirm your answer by checking that it conforms to the slope field 
of the differential equation.)

 11. 
dy

dx
= 1x + 22 sin x and y = 2 when x = 0

 12. 
dy

dx
= 2xe-x  and y = 3 when x = 0

 13. 
du

dx
= x sec2 x and u = 1 when x = 0

 14. 
dz

dx
= x3 ln x and z = 5 when x = 1
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Many examples make use of multiple representations of functions (alge-
braic, graphical, and numerical) to highlight the different ways of looking 
at a problem and to highlight the insights that different representations can 
provide. You should be able to use different approaches for finding solutions 
to problems. For instance, you would obtain a solution algebraically when 
that is the most appropriate technique to use, and you would obtain solu-
tions graphically or numerically when algebra is difficult or impossible to 
use. We urge you to solve problems by one method, then support or confirm 
your solution by using another method, and finally, interpret the results in 
the context of the problem. Doing so reinforces the idea that to understand 
a problem fully, you need to understand it algebraically, graphically, and 
numerically whenever possible. 

Each example ends with a suggestion to Now Try a related exercise. Working the suggested 
exercise is an easy way for you to check your comprehension of the material while reading 
each section, instead of waiting until the end of 
each section or chapter to see if you “got it.” 
True comprehension of the textbook is essen-
tial for your success on the AP Exam.

Explorations appear throughout the text and 
provide you with the perfect opportunity to 
become an active learner and discover math-
ematics on your own. Honing your critical 
thinking and problem-solving skills will ulti-
mately benefit you on all of your AP Exams. 

Each exercise set begins with a Quick 
Review to help you review skills needed in 
the exercise set, reminding you again that 
mathematics is not modular. Each Quick 
Review includes section references to show 
where these skills were covered earlier in 
the text. If you find these problems overly challenging, you should go back through the 
book and your notes to review the material covered in previous chapters. Remember, 
you need to understand the material from the entire calculus course for the AP Calculus 
Exam, not just memorize the concepts from the last part of the course. 
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the difference between its temperature and the temperature of the surrounding medium.  
This observation is Newton’s Law of Cooling, although it applies to warming as well, and 
there is an equation for it.

If T is the temperature of the object at time t, and Ts is the surrounding temperature, then

dT

dt
= -k1T - Ts2. (1)

Since dT = d1T - Ts2, equation (1) can be written as

d

dt
 1T - Ts2 = -k1T - Ts2.

Its solution, by the law of exponential change, is

T - Ts = 1T0 - Ts2e-kt,

where T0 is the temperature at time t = 0. This equation also bears the name Newton’s 
Law of Cooling.

J. Ernest Wilkins, Jr. (1923–2011)
By the age of nineteen, 
J. Ernest Wilkins had 
earned a Ph.D. degree 
in Mathematics from the 
University of Chicago. 
He then taught, served 
on the Manhattan proj-
ect (the goal of which 
was to build the first 

atomic bomb), and worked as a mathemati-
cian and physicist for several corporations. 
In 1970, Dr. Wilkins joined the faculty at 
Howard University and served as head of the 
electrical engineering, physics, chemistry,  
and mathematics departments before retir-
ing. He was also Distinguished Professor 
of Applied Mathematics and Mathematical 
Physics at Clark Atlanta University.

ExaMplE 6 using newton’s law of Cooling

A hard-boiled egg at 98°C is put in a pan under running 18°C water to cool. After  
5 minutes, the egg’s temperature is found to be 38°C. How much longer will it take the 
egg to reach 20°C?

Solution

Model Using Newton’s Law of Cooling with Ts = 18 and T0 = 98, we have

T - 18 = 198 - 182e-kt or T = 18 + 80e-kt.

To find k we use the information that T = 38 when t = 5.

 38 = 18 + 80e-5k

 e-5k =
1

4

 -5k = ln 
1

4
= - ln 4

 k =
1

5
 ln 4

The egg’s temperature at time t is T = 18 + 80e-10.2 ln 42t.

Solve Graphically We can now use a grapher to find the time when the egg’s 
temperature is 20°C. Figure 7.12 shows that the graphs of

y = 20 and y = T = 18 + 80e-10.2 ln 42t

intersect at about t = 13.3.

Interpret The egg’s temperature will reach 20°C in about 13.3 min after it is put in 
the pan under running water to cool. Because it took 5 min to reach 38°C, it will take 
slightly more than 8 additional minutes to reach 20°C.

Now Try Exercise 31.

[0, 20] by [10, 40]

Intersection
X = 13.30482     Y = 20 

5128_FG6.11

figure 7.12 The egg will reach 20°C about 
13.3 min after being placed in the pan to 
cool. (Example 6)
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 Section 8.3 Volumes 413

We know how to find the volume of a solid of revolution, but how would we find 
the surface area? As before, we partition the solid into thin slices, but now we wish 
to form a Riemann sum of approximations to surface areas of slices (rather than of 
volumes of slices).

TECH-GRAPHICS
Calculus '99 P22P7
5128_FGU7.03
1st pass 10/25/97
CMYK 

y = f(x)

ba

y

x

A typical slice has a surface area that can be approximated by 2p # ƒ1x2 # ∆s, 
where ∆s is the tiny slant height of the slice. We will see in Section 8.4, when 

we study arc length, that ∆s = 2∆x2 + ∆y2, and that this can be written as 

∆s = 21 + 1ƒ′1xk222 ∆x.

Thus, the surface area is approximated by the Riemann sum

an

k=1
2pƒ1xk221 + 1ƒ′1xk222 ∆x.

1. Write the limit of the Riemann sums as a definite integral from a to b. When will 
the limit exist?

2. Use the formula from part 1 to find the surface area of the solid generated by 
revolving a single arch of the curve y = sin x about the x-axis.

3. The region enclosed by the graphs of y2 = x and x = 4 is revolved about the 
x-axis to form a solid. Find the surface area of the solid.

Exploration 2 Surface Area

 Now Try Exercise 45.

a

b Same volume

Same cross-section
area at every level

Figure 8.35 Cavalieri’s volume theorem: These solids have the same volume. You can illustrate 
this yourself with stacks of coins. (Example 9)
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For exercises designed to be solved without a calculator the numbers of these exer-
cises are printed in a grey oval. We encourage you to support the answers to exercises 
graphically or numerically when you can, but only after you have solved them with 
pencil and paper. 

Along with the standard types of exercises, including skill-based, application, writ-
ing, exploration, and extension questions, each exercise set includes a group of 
Standardized Test Questions. Each group includes two true-false with justifications 
and four multiple-choice questions, with instructions about the permitted use of your 
graphing calculator.

A01_DEMA1624_05_SE_FM_i-xxxii.indd   30 04/12/14   5:31 PM



 To the AP Student   xxxi

Each chapter concludes with a list of Key Terms, with references back 
to where they are covered in the chapter, as well as Chapter Review 
Exercises to check your comprehension of the chapter material. 

The Quick Quiz for AP* Preparation provides another opportunity to 
review your understanding as you progress through each chapter. A quiz 
appears after every two or three sections and asks you to answer questions 
about topics covered in those sections. Each quiz contains three multiple-
choice questions and one free-response question of the AP* type. This 
continual reinforcement of ideas steers you away from rote memorization 
and toward the conceptual understanding needed for the AP* Calculus 
Exam. 

 54. Infinite Solid The infinite region bounded by the coordinate 
axes and the curve y = - ln x in the first quadrant (see figure) is 
revolved about the x-axis to generate a solid. Find the volume of 
the solid. 

[0, 2] by [–1, 5]

5128_FG8.RE54

 55. Infinite Region Find the area of the region in the first quad-
rant under the curve y = xe-x (see figure). 

[0, 5] by [–0.5, 1]

5128_FG8.RE55
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AP* Examination Preparation
 56. Consider the infinite region R in the first quadrant under the 

curve y = xe-x>2.

(a) Write the area of R as an improper integral.

(b)  Express the integral in part (a) as a limit of a definite  
integral.

(c) Find the area of R.

 57. The infinite region in the first quadrant bounded by the coordi-

nate axes and the curve y =
1
x

- 1 is revolved about the y-axis 
to generate a solid.

(a) Write the volume of the solid as an improper integral.

(b)  Express the integral in part (a) as a limit of a definite  
integral.

(c) Find the volume of the solid.

 58. Determine whether or not 1q
0 xe-x dx converges. If it  

converges, give its value. Show your reasoning.
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Quick Quiz for AP* Preparation: Sections 6.4 and 6.5

You may use a graphing calculator to solve the following problems.

 1. Multiple Choice The function ƒ is continuous on the closed 
interval 31, 74  and has values that are given in the table below.

x 1 4 6 7

ƒ1x2 10 30 40 20

  Using the subintervals 31, 44 , 34, 64 , and 36, 74 , what is the 

trapezoidal approximation of 17
1 ƒ1x2 dx? 

(A) 110 (B) 130 (C) 160 (D) 190 (E) 210

 2. Multiple Choice Let F1x2 be an antiderivative of sin3 x.  
If F112 = 0, then F182 =  

(A) 0.00 (B) 0.021 (C) 0.373 (D) 0.632 (E) 0.968

 3. Multiple Choice Let ƒ1x2 = 1 x2-3x
-2 et2 dt. At what value of x 

is ƒ1x2 a minimum? 

(A) For no value of x (B) 
1

2
 (C) 

3

2
 (D) 2 (E) 3

 4. Free Response Let F1x2 = 1 x
0  sin 1t 22 dt for 0 … x … 3.

(a)  Use the Trapezoidal Rule with four equal subdivisions of the 
closed interval 30, 24  to approximate F122.

(b)  On what interval or intervals is F increasing? Justify your 
answer.

(c)  If the average rate of change of F on the closed interval 
30, 34  is k, find 13

0  sin 1t 22 dt in terms of k.

accumulator function (p. 288)

area under a curve (p. 285)

average value (p. 295)

bounded function (p. 289)

cardiac output (p. 275)

characteristic function of the rationals  
(p. 290)

definite integral (p. 283)

differential calculus (p. 269)

dummy variable (p. 284)

error bounds (p. 319)

Fundamental Theorem of Calculus, 
Antiderivative Part (p. 302)

Fundamental Theorem of Calculus, 
Evaluation Part (p. 307)

integrable function (p. 283)

integral calculus (p. 269)

Integral Evaluation Theorem (p. 307)

integral of ƒ from a to b (p. 284)

integral sign (p. 284)

integrand (p. 284)

lower bound (p. 294)

lower limit of integration (p. 284)

LRAM (p. 272)

mean value (p. 295)

Mean Value Theorem for Definite Integrals 
(p. 296)

MRAM (p. 272)

net area (p. 286)

NINT (p. 289)

norm of a partition (p. 282)

partition (p. 281)

Rectangular Approximation Method  
(RAM) (p. 272)

regular partition (p. 283)

Riemann sum (p. 281)

Riemann sum for ƒ on the interval 3a, b4  
(p. 282)

RRAM (p. 272)

sigma notation (p. 281)

Simpson’s Rule (p. 317)

subinterval (p. 282)

total area (p. 308)

Trapezoidal Rule (p. 315)

upper bound (p. 294)

upper limit of integration (p. 284)

variable of integration (p. 284)

ChAPTEr 6  Key Terms

ChAPTEr 6  review Exercises

Exercise numbers with a gray background indicate problems that the 
authors have designed to be solved without a calculator.

The collection of exercises marked in red could be used as a chapter 
test.

Exercises 1–6 refer to the region R in the first quadrant enclosed by 
the x-axis and the graph of the function y = 4x - x3.

 1. Sketch R and partition it into four subregions, each with a base 
of length ∆x = 1>2.

 2. Sketch the rectangles and compute (by hand) the area for the 
LRAM4 approximation.

 3. Sketch the rectangles and compute (by hand) the area for the 
MRAM4 approximation.

 4. Sketch the rectangles and compute (by hand) the area for the 
RRAM4 approximation.

 5. Sketch the trapezoids and compute (by hand) the area for the T4 
approximation.

 6. Find the exact area of R by using the Fundamental Theorem of 
Calculus. 

 7. Use a calculator program to compute the RAM approximations 
in the following table for the area under the graph of y = 1>x 
from x = 1 to x = 5.

n LRAMn MRAMn RRAMn

10
20
30
50

100
1000
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An AP* Examination Preparation section appears at the end of each set of Chapter 
Review Exercises and includes three free-response questions of the AP type. This set of 
questions, which also may or may not permit the use of your graphing calculator, gives 
you additional opportunity to practice skills and problem-solving techniques needed for 
the AP Calculus Exam. 

In addition to this text, Pearson Education AP* Test Prep Series: AP* Calculus, written 
by experienced AP teachers, is also available to help you prepare for the AP Calculus 
Exam. What does it include?

• Text-specific correlations between key AP test topics and Calculus: Graphical, 
Numerical, Algebraic

• Reinforcement of the important connections between what you’ll learn and what 
you’ll be tested on in May

• 2 full sample AB exams & 2 sample BC exams, including answers and explanation

• Test-taking strategies

You can order Pearson Education AP* Test Prep Series: AP* Calculus by going online 
to PearsonSchool.com or calling 1-800-848-9500 and requesting ISBN 0-13-331458-8.

378 Chapter 7 Differential Equations and Mathematical Modeling

 48. More on Repeated Linear Factors The Heaviside Method 
is not very effective at finding the unknown numerators for par-
tial fraction decompositions with repeated linear factors, but here 
is another way to find them. 

(a) If 
x2 + 3x + 5

1x - 123 =
A

x - 1
+

B

1x - 122 +
C

1x - 123 , show 

that A1x - 122 + B1x - 12 + C = x2 + 3x + 5.

(b) Expand and equate coefficients of like terms to show that 
A = 1, -2A + B = 3, and A - B + C = 5. Then find A, 
B, and C.

(c) Use partial fractions to evaluate L  
x2 + 3x + 5

1x - 123  dx.

Quick Quiz: Sections 7.4 and 7.5

You may use a graphing calculator to solve the following problems.

 1. Multiple Choice The rate at which acreage is being consumed 
by a plot of kudzu is proportional to the number of acres already 
consumed at time t. If there are 2 acres consumed when t = 1 
and 3 acres consumed when t = 5, how many acres will be con-
sumed when t = 8? 

(A) 3.750  (B) 4.000  (C) 4.066  (D) 4.132  (E) 4.600

 2. Multiple Choice Let F1x2 be an antiderivative of cos 1x22. If 
F112 = 0, then F152 =  

(A) -0.099  (B) -0.153  (C) -0.293  (D) -0.992  (E) -1.833

 4. Free Response A population is modeled by a function P that 
satisfies the logistic differential equation

dP

dt
=

P

5
 a1 -

P

10
b .

(a) If P102 = 3, what is lim
tSq

 P1t2? 

(b) If P102 = 20, what is lim
tSq

 P1t2? 

(c) A different population is modeled by a function Y that satis-
fies the separable differential equation

dY

dt
=

Y

5
 a1 -

t

10
b .

Find Y1t2 if Y102 = 3.

(d) For the function Y found in part (c), what is lim
tSq

 Y1t2? 
                  

 3. Multiple Choice L
dx

1x - 121x + 32 =  

(A) 
1

4
 ln 2 x - 1

x + 3
2 + C (B) 

1

4
 ln 2 x + 3

x - 1
2 + C

(C) 
1

2
 ln � 1x - 121x + 32 � + C (D) 

1

2
 ln 2 2x + 2

1x - 121x + 32
2 + C

(E) ln � 1x - 121x + 32 � + C

antidifferentiation by parts (p. 349)

antidifferentiation by substitution (p. 343)

carbon-14 dating (p. 362)

carrying capacity (p. 374)

compounded continuously (p. 360)

constant of integration (p. 340)

continuous interest rate (p. 360)

differential equation (p. 329)

Euler’s Method (p. 333)

evaluate an integral (p. 340)

exact differential equation (p. 329)

exponential decay constant (p. 359)

exponential growth constant (p. 359)

first-order differential equation (p. 329)

first-order linear differential  
equation (p. 332)

general solution to a differential  
equation (p. 329)

graphical solution of a differential  
equation (p. 330)

half-life (p. 360)

Heaviside Method (p. 370)

indefinite integral (p. 340)

initial condition (p. 329)

initial value problem (p. 329)

integral sign (p. 340)

integrand (p. 340)

integration by parts (p. 349)

Law of Exponential Change (p. 359)

Leibniz notation for integrals (p. 342)

logistic curve  (p. 372)

logistic differential equation (p. 372)

logistic growth constant (p. 374)

logistic growth model (p. 374)

Newton’s Law of Cooling (p. 363)

numerical method (p. 334)

numerical solution of a differential  
equation (p. 334)

order of a differential equation (p. 329)

partial fraction decomposition (p. 370)

particular solution (p. 329)

proper rational function (p. 370)

properties of indefinite integrals (p. 341)

radioactive (p. 360)

radioactive decay (p. 360)

resistance proportional to velocity (p. 367)

second-order differential equation (p. 339)

separable differential equations (p. 358)

separation of variables (p. 358)

slope field (p. 331)

solution of a differential equation (p. 329)

substitution in definite integrals (p. 345)

tabular integration (p. 352)

variable of integration (p. 340)

ChaptEr 7 Key terms
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